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The electron bubble in superfluid helium has two degrees of freedom that may offer exceptionally low
dissipation: the electron’s spin and the bubble’s motion. If these degrees of freedom can be read out and
controlled with sufficient sensitivity, they would provide a novel platform for realizing a range of quantum
technologies and for exploring open questions in the physics of superfluid helium. Here we propose a practical
scheme for accomplishing this by trapping an electron bubble inside a superfluid-filled opto-acoustic cavity.

Atom-like defects in a solid can serve as quantum sys-
tems with low dissipation, strong coupling to external fields,
and compatibility with well-established readout and control
schemes. Defects that combine these features have been used
in a range of applications, for example as quantum memo-
ries, single-photon sources, and as detectors that combine high
sensitivity and spatial resolution. The performance of these
systems is partially determined by the defect’s internal proper-
ties, such as its level structure and its coupling to various fields.
It is also determined by the properties of the host material,
which represents a potential source of dissipation and noise

[1].

Very long coherence times have been realized in a num-
ber of defect systems, including E’ centers in SiO; [2], N- or
Si-vacancy centers in diamond [3, 4], and electrons trapped
at Si/Si0, interfaces [5]. These systems have been integrated
with a range of readout schemes (including magnetic resonance
force microscopy (MRFM) [2], nanoscale superconducting
quantum interface devices [6], and laser excitation and fluo-
rescence emission [4]), and have facilitated the emergence of
defect-based quantum sensing [7], computing [8] and informa-
tion processing [9, 10].

One atom-like defect that possesses a number of remarkable
properties is the electron bubble (EB), which forms when a
single electron is immersed in superfluid He. Such an electron
resides inside a spherical bubble with radius 1.9 nm [11]. This
system differs from quantum defects in solid hosts in a number
of respects. First, it is free to move, and at sufficiently low
temperature it travels ballistically through the superfluid host.
Second, the host material (i.e., superfluid He) is itself the topic
of a number of outstanding questions that can be explored us-
ing EBs. These include the mechanical properties of vortices,
and the onset and decay of turbulence [12—18]. A third notable
feature of this system is that the host material offers a near-total
absence of magnetic degrees of freedom, which is expected to
result in remarkably long spin coherence times for an isolated
EB. By way of illustration, the predicted 7 for an EB in solid
3He is ~ 10° s [19, 20], limited by the hyperfine interaction
between the electron and the spins of the >He nuclei surround-
ing the bubble. Even greater 7'} may be achieved for an EB
in “He (which has no nuclear spin). To date, T has not been
measured for an isolated EB. Only a lower bound (7, > 100

ms) has been estimated from electron spin resonance (ESR)
studies of EB ensembles [21, 22].

Here we propose a scheme for efficiently detecting and ma-
nipulating the spin of a single EB in superfluid He. In this
scheme, the EB is trapped by an acoustic standing wave. A
magnetic field gradient transduces the electron’s spin state to
the EB’s motion within the trap, which in turn is monitored via
an optical cavity. This approach may be viewed as analogous
to MRFM (in the sample-on-cantilever configuration) [23]:
here the sample is the electron, and the role of the cantilever
is played by the trapped bubble. Many of the parameters of
the device proposed here (such as its mechanical resonance fre-
quency, operating temperature, and quality factor) are similar
to those of cantilever-based MRFM devices [23]. However the
effective mass of the EB [24] is ~ 10~ that of typical MRFM
cantilevers, resulting in a high signal-to-noise ratio (SNR) for
measurements of the electron’s spin. We emphasize that each
of the components required for this scheme has already been
demonstrated [25-29], indicating the feasibility of using this
system to access new regimes of both defect-based sensing and
superfluid physics.

This scheme may be realized in a variety of ways, but for
concreteness we focus on an implementation based on the
superfluid-filled cavities described in Ref. [26, 29] and illus-
trated in Fig. 1. The cavity (with length L., = 100 um) is
formed between the end faces of two optical fibers that have
each been fabricated with a concave surface and coated with
high-reflectivity dielectric mirrors [30]. When filled with su-
perfluid He at temperature 7 < 100 mK, these cavities have
been shown to confine optical modes with finesse ¥ = 10° (for
vacuum wavelength Adop = 1550 nm) and acoustic modes with
quality factor Q,. = 10° (for wavelength A, = 775 nm).

The EB is generated by field emission from a metal tip [25]
positioned close to the cavity, and trapped by driving one of
the cavity’s acoustic modes to a large amplitude. As described
in Ref. [31], the EB is attracted to the density antinodes of
the resulting standing wave. Fig. 2(a) shows the potential
U(z) experienced by an EB in a standing wave with amplitude
OPHe/PHe = 2 X 1073 where dpue 1s the change in the He
density and py. = 145 kg/m? is the equilibrium density of
superfluid He. This value of dpy./pue is chosen to give a
trap depth Up/kg = 300 mK, a factor of 10 greater than the
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FIG. 1. Schematic illustration of the proposed setup. The entire region
is filled with superfluid He. An electron bubble (EB) is produced by
field emission from a metal tip located near a cavity formed between
two optical fibers. An acoustic standing wave in the cavity (inset,
blue) traps the EB. A microwave coil is used to manipulate the elec-
tron’s spin. A magnetic field gradient (generated by the field coil)
transduces the state of electron’s spin to the EB’s displacement, which
is measured using an optical mode of the cavity (inset, red).

operating temperature (7 = 30 mK, as discussed below). It
can be generated in an acoustic mode with Q,. = 10° and
resonant frequency w,./2m = 320 MHz [29] (corresponding to
Aaec = 775 nm) by driving one of the fiber ends to an amplitude
~ 2 fm with an ultrasonic transducer [28]. It results in a trap
frequency (i.e., of the EB’s center-of-mass motion) wgg /27 =
2.9 MHz.

The acoustic trap can be characterized even in the absence
of an EB. This is because the density modulation produced
by an acoustic mode causes a large detuning of the cavity
optical mode with 2nqp = nye, Were ngp (Mac) is the number
of optical (acoustic) half-wavelengths fitting in the cavity (all
other optical modes are only weakly coupled to this acoustic
mode [26]). For the particular device considered here, we take
n,e = 258. The acoustic trap is monitored using the optical
mode with ny, = 129. In this case the acoustic trap modulates
the optical mode with depth 190« (where k = 15 MHz is the
linewidth of the optical mode) which should be straightforward
to measure [31].

The EB’s displacement around the minimum of U(z) is mon-
itored using an optical mode. Since the EB’s index of refraction
differs from that of the He filling the cavity, it alters the op-
tical length of any optical mode by an amount proportional
to the overlap between the mode and the EB [32, 33]. The
single-photon coupling rate [34] g arising from this interac-
tion is optimized for an optical mode whose intensity gradient
is maximum at the EB’s equilibrium position. For the sake
of specificity, we consider an EB trapped at a distance L,,/4

from one of the mirrors (see inset of Fig. 1), and readout using
the optical mode with nep = 130 (Fig. 2(b,c)).
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FIG. 2. (a) The potential U(z) experienced by an EB in the acoustic
standing wave described in the text. The blue circle indicates the
EB’s equilibrium position. (b) The intensity /(z) of two optical modes.
Black: the mode used to monitor the acoustic trap (nq, = 129).
Green: the mode used to detect the EB motion (nqy = 130). (c) The
optomechanical coupling rates g of the two optical modes shown in
(b). The horizontal axis denotes the EB position z relative to the point
one-quarter of the way between the cavity mirrors (see Fig. 1 (inset)).

For the temperature range considered here (7' < 100 mK),
damping of the EB motion is primarily due to collisions with
thermal phonons and impurity *He atoms. Both processes
are well-studied [35-37], and Fig. 3 shows the quality factor
Qg (T) of the EB’s motion calculated for an EB trapped in the
potential of Fig. 2(a) [31]. At higher 7' the damping is domi-
nated by thermal phonons, while *He impurities dominate for
lower T. Fig. 3 shows calculations for the *He concentration
x3 ranging from the natural abundance (x3 ~ 1 ppm) to the
lowest level that is commercially available (x3 = 107 ppm).

The access to the EB’s motion provided by the optical cavity
can be exploited to study the spin of the EB. In particular,
the state of the electron spin can be transduced by applying a
magnetic field gradient of magnitude G, which results in a force
of magnitude Fin,e = psG on the EB, where y; is the electron’s
magnetization along the gradient. In the scheme proposed here,
a pair of coils wound around the ferrules (Fig. 1) produces a
field along z with magnitude By and gradient (along z) G. A
separate microwave coil is used to drive the electron’s spin
resonance.

We consider three protocols for measuring the EB spin. Each
operates by causing Fp,, to oscillate with frequency wgp and
then measuring the EB’s resulting motion. In Protocol I, G



10 T
10" ppm

10" T/m
108 1

10° T/m
10° ¢ 1

m 10" T/m

S —
1()4 :\\ 10’ T/m 4
3

10° ppm 10° T/m
10% £ 1
10 ‘ i

107 107! 10°

T (K)

FIG. 3. Requirements for sensing the spin of a single EB. Blue curves:
the value of Qgp required to obtain SNR = 1 in a 1 s measurement,
assuming P = 1 uW and ¥ = 10°. Each curve corresponds to the
indicated value of the magnetic field gradient G. Red curves: Qgp(T)
for x3 = 107%,1073, ..., 107", 1 ppm. Blue and red curves cross at the
value of T below which the corresponding x; and G would result in
SNR > 1.

is modulated while y; is constant. In Protocols IT & II1, u; is
modulated while G is constant. In each case the amplitude
of the signal (in the force domain) is simply pG (taking the
static value of s and the oscillation amplitude of G in Protocol
1, and vice versa in Protocols II & III). Because these three
protocols are subject to the same noise sources (see below), it
is straightforward to estimate the SNR for each of them. In
practice, each protocol is limited by different technical con-
straints, which we consider next. A more detailed description
of each protocol is in Ref. [31].

Protocol I is simply to modulate G at frequency wgg.
The amplitude of the resulting EB displacement is shown in
Fig. 4(a) as a function of G and Qgg. In this protocol no
microwave tone is applied, and By plays no direct role.

Protocol II uses the electron spin’s Rabi oscillation to pro-
duce an oscillating Fr,e. In this case G and By are fixed,
and a microwave magnetic field with amplitude B, drives the
transition between the spin states, whose Zeeman splitting

is produced by By. This results in pu(f) = up (%)2 sin? (%),
where Q = (A? + w?)!/? is the Rabi frequency, A is the de-
tuning between the microwave drive and the Zeeman splitting,
w; = ’%Bl, g is the electron g-factor, and up is the Bohr
magneton. Requiring Q = wgg (50 as to drive the EB motion
resonantly) fixes A for a chosen By, as shown by the grey curve
of Fig. 4(b). The amplitude of the resulting EB displacement
is shown by the green curves of Fig. 4(b).

Protocol III is analogous to the one used in Refs. [2, 27].
It uses constant a G and modulates the uniform field so that
By(t) = By + Bmogsin(wggt). In addition, a fixed microwave
tone with amplitude B, and frequency wy = gugBy/F is ap-
plied. As a result, the Zeeman splitting passes through reso-
nance with the microwaves twice per period of the modulation.
If the condition for adiabaticity is met for each of these pas-
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FIG. 4. Three protocols for single spin detection. (a) Protocol I. The
amplitude of the EB displacement zgg as a function of the amplitude
of G. (b) Protocol II. Gray curve: the detuning A(B);) that ensures
the Rabi oscillations drive the EB motion resonantly (with By = 450
G). Green curve: zgg(B;). Dashed line: the maximum value of B,
for this protocol. (c) Protocol III. Red curves: contours of constant
error rates for the adiabatic passage described in the text. Gray line:
the condition By = Bpeg. (d) The timing for Protocol III, assuming
B; = 15 G and B,,,q = 16 G, indicated by the blue dot in (c). Panels
(¢),(d) assume By = 450 G and Qgg = 6 x 10°.

sages, the magnetization is given by [27]
Binoa sin(wgg?)

. 1/2
(B2 + B2y sin’(west))

s(t) = et ey

where uer = gup/2. This signal is maximized when By,oq > B
(the region to the right of the gray line in Fig. 4(c)).
The probability that u(f) follows this form during an individ-



uval passage is 1 — Pz, where Pz = exp(—ﬂ,ueffo /hwgB Bimod)
[31] is the well-known Landau-Zener formula. The red curves
in Fig. 4(c) show countours of B; and By,,q corresponding to
various values of P z. The region above the middle curve
corresponds to parameters for which a diabatic error (i.e., in
which p does not follow Eq. 1) occurs less than once per 100
s. Fig. 4(d) shows the timing of this protocol for B; = 15 G
and Bp,0q = 16 G (corresponding to the blue point in Fig. 4(c)).
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FIG. 5. The estimated signal and noise for single-spin detection. (a)
Three noise sources F (expressed as forces) compared with the signal
Finag, all as a function of the cavity finesse ¥ and for input laser power
P = 100 uW. For ¥ > 10° the red and blue curves deviate from linear
as the system approaches the resolved-sideband regime. (b) The same
as (a), but as a function of P for ¥ = 10°. The intersection of the red
and blue curves near P = 8 mW corresponds to the standard quantum
limit. Both (a) and (b) assume x3 = 10~ ppm and 7 = 30 mK
(corresponding to Qgp = 6 X 10°, see Fig. 3), and G = 100 T/m.

To estimate the feasibility of these protocols, we consider
the following noise sources: the Langevin force exerted by
the thermal bath, the radiation pressure shot noise (RPSN)
exerted by the photons in the optical mode, and the detector’s
shot noise (we assume the cavity detuning is monitored via
heterodyne detection of the light from the cavity mode with
nopt = 130). These noise sources are described in detail in
Ref. [31], and typical contributions from each are shown in
Fig. 5.

For a wide range of experimental parameters, the noise

sources that make the greatest contribution to the heterodyne
signal are the EB’s thermal motion and the detector’s shot
noise (many MRFM experiments also operate in this regime [2,
23, 38]). In this regime, the signal-to-noise ratio is SNR =
Fmag/ \/E(Flh + Fshot)» where

Fn = V4kpTmepwesb/Qrp ()

b
Fopox = hegg [«/2 — iz — w 3)
Kex \ 8PQgp8;

Here mgg = 1.6 x 10724 kg is the effective mass of the EB [24],
b is the measurement bandwidth, w; = 27r¢/Aqp and ke is the
external coupling rate of the optical cavity (the calculations
shown in Figs. 3,5 assume k.x = 0.44«).

In Fig. 3, the blue lines show the value of Qgg required to
achieve SNR = 1 with b = 1 Hz. Each blue line corresponds
to a different value of G (which should be interpreted as the
amplitude of the modulated gradient in Protocol I, and as the
static gradient in Protocols II & IIT). We note that the values
of G considered in Fig. 3 are orders of magnitude lower than
is typically required for single-electron MRFM [2, 23, 38].
The choice of b = 1 Hz should be feasible owing to the long
coherence time expected for the EB spin (and, for Protocol III,
the ability to ensure that diabatic transitions occur much less
than once per second).

In conclusion, we have presented a scheme to manipulate
and detect the spin of an individual EB trapped in a cavity
that is filled with superfluid He. This approach combines well-
established techniques to produce, manipulate, and sense the
electron spin, and should allow for the EB to be employed
analogously to other atom-like defects. The unique features
of this system (in particular, the EB’s mobility and long spin
coherence) may open new opportunities in high-sensitivity
magnetomery, and in the study of superfluid He.
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I. SOUND WAVE TRAPPING
A. Energy and Young’s modulus of electron bubbles

We consider the following simple model for describing the total energy of an electron bubble (EB) in liquid helium [1-4]
2

8m.R2

where the first term is the ground state energy of the confined electron, the second term is the surface tension energy of the bubble,
and the last term represents the energy stored by the surrounding pressure (a more sophisticated model is described in Ref. [2]).
Here the electron mass is m,, the bubble radius is R, the surface tension of liquid helium is o = 0.375 erg/cm2 [5], and the pressure
experienced by the EB is P. When P = 0, the EB radius is found by minimizing the total energy with respect to R, giving:

4
Eyl = +47R%0 + 37rR3P (D)

2o\
Ry = (327rmeo') ~ 1.9 nm 2)
To find the response of the EB to an acoustic wave in the surrounding liquid, we rewrite Eq. (1) as
2 3 -5/3 -1/3
P E R LT o
where Vgg = 47R%/3 is the volume of the EB. It is then straightforward to calculate the Young’s modulus (Egg) of the EB:
Egg = —Vgp 3?71)3 ~ 530 kPa 4

B. Potential of an acoustic trap

An EB in a standing acoustic wave experiences a force exerted by the acoustic field. As described in the main text, our proposal
employs this force to trap the EB. The potential energy of an EB in an acoustic wave (with wave vector k) can be written as [6]

3f .
Use = VigWae [ fi cos?(kz) — % smz(kz)}

= Ve Wae [fi — @sin’ (k2)] 5)
where z is the coordinate of the EB along the cavity axis (see Fig. 1 of the main text), and
Ene
h=l-g (©)
.
Q= fi+ %fz ®)

Here W, is the acoustic energy density (see below), and the Young’s modulus of the liquid He is Eye = ,oHecf{e where cye = 238
m/s is the velocity of sound in liquid He and py. = 145 kg/m? is its mass density. Since the interior of the EB is close to vacuum,
we take its mass density pgg = 0. This gives f; =~ —14, f, * =2, and ® = —17. The quantity ® is known as the acoustophoretic
contrast factor, and its sign determines whether the bubble is trapped at the pressure nodes or antinodes of the acoustic wave. Here
@ < 0, so the EB will be trapped at pressure antinodes.

The depth of the trapping potential in Eq. (5) is Uy = Vgg®W,.. Throughout this paper, we assume Uy/kg = 300 mK (chosen to
be 10x greater than the assumed operating temperature 7 = 30 mK). This corresponds to an acoustic energy density of W, = 8.5
J/m?3. Generating such an acoustic wave is discussed in Section I C.

To find the trap frequency of the EB, we expand U, to second order in z around its minimum at zy, i.e.

1
Ulzo +62) ~ Uz = 20) + EU"(z = 20)67°

1
= VegWacf1 + EkEB5Z2 9

where kgg = —2Vig Wack?® cos(2kzp) is the spring constant of the trap. This results in a trap frequency wgs = Vkgg /Mg =
27 x 2.9 MHz along the z-direction (here mgg = 1.6 X 1072* kg is the bubble’s effective mass [7]).



C. Generation of the acoustic trap with a piezoelectric actuator

The acoustic wave is generated by vibrating one of the cavity fibers with a piezoelectric actuator at frequency w,. If the fiber
displacement is zf = Zamp Sin(wact), the power in the sound wave (P,¢) emitted into the liquid helium is [8]

Pac = OradPHeCHA <v2>

2
= OradPHeCHeA <(Zampwac COS(a)act)) >

_ O—radeecHeAwgczgmp (10)
B 2

where 07,4 is the radiation ratio (or efficiency), v is the speed of the fiber tip of area A, and (-) denotes the time average. $,. can
also be written in terms of sound pressure or acoustic energy density

Pac = 2AWycChe (11)

We obtain the required vibration amplitude by combining Eqs. (10)-(11).

4w,
Zamp = —ac2 (12)
O radPHe Wiy

Thus, to produce a sound wave that results in a trap depth corresponding to 300 mK (see Sec 1.2), the amplitude of the fiber
motion would need to be z,m, ~ 240 pm. However if the fiber motion is resonant with an acoustic mode of the cavity, this is
reduced by a factor of the acoustic mode’s quality factor Q,.. For the devices demonstrated in Ref. [9, 10], Qac = 10°. As a result,
the required zump = 2.4 fm. This amount of motion at comparable frequency is demonstrated, for example in [11].

D. Detection of the acoustic trap

We first look at the acoustic energy stored in the fiber cavity &,., which is given by [12]

1 O0PHe
S = _EHef‘ OHe(7)
2 PHe

2 1
dv = P(HFd 13
ZEHefl (n|°dV (13)

2
where P(r) is the pressure profile of the acoustic mode, and dpy.(r) is the corresponding density variation. Using W, = %‘;_ [6]
(where Py is the amplitude of the acoustic mode), and the well-known mode profiles for a Fabry-Perot cavity, we can write the
time-averaged acoustic energy as

1
<8ac> = 5 WacVae (14)

with V. denoting the mode volume of the acoustic cavity.
The acoustic energy can also be written in terms of the phonon number 7,

(Eac) = (nac + %) hwae (15)

Equations (13)-(15) provide the phonon number (1, = 1.6 x 10'") and the corresponding amplitude of the helium density
variation (% ~ 2 x 1073) required to achieve the trap depth (300 mK) for the acoustic mode with w,./27 = 320 MHz, as
considered in the main text.

The acoustic trap can be optically detected using the optomechanical interaction between the optical and acoustic modes of
the fiber cavity. Under the drive of a monochromatic laser with frequency w; and amplitude c;, the equations of motion for the
amplitudes ¢ and d of the optical and acoustic modes (with resonance frequencies w. and w,., and dampings « and y,.) can be
written in the rotating frame of w; as [12, 13],

é=—(§—i5)c+ Nros (16)

d=- (% + icuac) d — igoacC’ c + doyie™ ! (17)



4

where A; = w; — w.. Here we define the effective cavity detuning as A=A - ig0.ac(d + d") and denote d. as the external acoustic
drive applied by the fiber vibration. The laser is injected into the cavity with input coupling rate k., and the single-photon
optomechanical coupling rate is go ... We consider a weak probe beam such that the radiation pressure on the acoustic wave is
ignored. Eq.17 is then

d == (T b i) d + die ™ (18)
The solution to this equation is simply d = die ! where di = 2duyi/Vac.

In this analysis, the optical resonance frequency is modulated with a depth goac(d; + di). With d| = Vg = 4 x 10° and the

device parameters considered here (k/2m = 15 MHz, Ly, = 100 pum, Fop = 10°, 80.ac/2m = 3.6 kHz), the cavity modulation depth
~ 190«.

II. INTERACTION BETWEEN ELECTRON BUBBLE AND CAVITY OPTICAL FIELD

Since the electron bubble radius (Ry = 1.9 nm) is much smaller than the optical wavelength (dop = 1550 nm), the Hamiltonian
for a bubble coupling to the optical field (with frequency w.) can be written as [14, 15]

1 hw,
H=—=alEf = ———=_ f(2)a'a (19)
2 2 He opt
(20)
where the EB polarizability is
nen/n 1
o = depcVisRe {%} @1
B /nHe +2

and ngg = 1 and nye = 1.028 are the refractive indices of the EB and the liquid He, ey = nﬁ . is the permittivity of liquid He, and
Vopt is the mode volume of the optical cavity. Here f(z) is the profile of the optical cavity mode along the z direction, given by

f@) =

2
i 2 . Z)Z/Zz cos (kopt(zo + Z))

~ 08 (kopi20) = Kopt SI(2kop20)z = kipy €08(2kopiz0)2” + O?) (22)

with kope = 27/ Aopt. The pre-factor —— e /Z Teae ~ 1 for the cavities considered in Ref. [13]. The term proportional to z leads to the

usual linear optomechanical interaction

H = hgod'a(b’ + b) (23)
with
Woltkopt (2komz0) (24)
o= 28HeVopt sin opte0 ot

where 7,5 = /m is the zero point motion of the EB, z = z,,¢(b + b"), and b denotes the annihilation operator of the EB
motion. As discussed in the main paper, the equilibrium position of the trapped bubble corresponds to zero optomechanical
coupling of the optical mode used to detect the acoustic trap. To maximize the coupling rate to the EB motion, one can use a
different optical mode. The phase difference in the expression for gg (see Eq. 24) for two optical modes of wavenumbers k., and
kg (i.e. of longitudinal indices ¢ + n and q) at the same location zp is

2nn
Lcav

2kgen — kg)zo = =20 (25)

Considering an adjacent optical mode, i.e., n = 1, the phase difference is /2 at zp = L.4v/4, which maximizes the coupling rate.



III. DAMPING MECHANISM

For the temperature range considered in this paper, the damping of the EB motion is expected to be dominated by two sources:
collisions with thermal phonons, and collisions with He impurities. We estimate the damping rates arising from each of these
sources by using the results of Ref. [16] (for the phonons) and Ref. [17] (for the 3He).

In particular, the EB’s phonon-limited mobility y, is given by Eq. (8) and Eq. (9) of Ref. [16], and the *He-limited mobility s,
is given by the expressions in the first portion of Section III of Ref. [17]. These mobilities are then converted to damping rates via
Yph = €/mitpp.

In Fig. (1S), the blue curve shows the phonon contribution to the damping (calculated with Ry = 1.9 nm, rather than the slightly
smaller value assumed in Ref. [16]), and the red curves show the *He contribution for a range of x3 (the concentration of *He).
The total EB damping ygg = ¥1 + 7, is converted to Qg = wgp/Yep and is shown in Fig. 3 of the main paper (as red curves) for
the same values of x3.

10
1 ppm
10*F 3
10" ppm
107 ppm
o[ B
_D 10
T 10 ppm
N
2 o[ 10 ppm ]
10
10° ppm
102¢ 10 ppm :
10 ‘ ]
10 107! 10°
T'(K)

FIG. 1S. Damping rate of the electron bubble’s motion. The contribution from thermal phonons (blue) and various concentrations of *He
impurities (red) are shown, both as a function of temperature.

IV. SINGLE SPIN DETECTION

As discussed in the main text, the EB experiences a force along the z direction given by:
Finag = usG (26)

where us = —gug/2 is the z-component of the electron’s spin magnetic moment, ug and g denote the Bohr magneton and
gyromagnetic ratio of the electron, and G is the gradient (with respect to z) of the z component of the magnetic field.

In the following subsections, we will consider three approaches to obtain an alternating magnetic force that drives the bubble
motion on resonance.

A. Modulation of magnetic gradient

Modulating the magnetic gradient at the trap frequency is the most straightforward approach to drive the EB’s motion resonantly.
In this case, the magnetic force is simply

Frnag = pusG cos(wgg? + @) (27)

as described in the main text.



B. Rabi oscillation

In this subsection, we consider using Rabi oscillations to produce the oscillating force. We consider the following magnetic
field:

B = By2 + B (cos(w) — sin(w?)$) (28)

where By is used to induce the Zeeman splitting and B is the amplitude of the microwaves that drive the spin resonance. The
Hamiltonian of the system can be expressed as

I h
H =B =—-Jwo: - 50 (orx cos(wr) — oy sin(wr)) (29)

with wg = ‘%Bg and w; = ’%Bl. Here i = —% gus(o <X + 0,9 + 0.2) where o, ; are the Pauli matrices.
If the electron is initially in state || ), then the probability of the electron being found in spin |T) is given by

mm{%fm%%) (30)

Here Q = /A% + w% is the Rabi frequency where A = w — wy is the detuning of the microwaves from the spin resonance.
Assuming the initial magnetic moment is ug o, we have the equation for magnetic force as follows
Finag = psoP(1)G €29

It is straightforward to tune B, and A so that Q = wgg, producing an alternating force whose frequency is wgg.

C. Adiabatic spin flip

The last approach follows the protocol of Ref. [18, 19], and involves the modulation of By at frequency wgg and amplitude
Biod- The microwave field for this protocol is resonant for By, i.e. w = wy = ’%gBo. The overall magnetic field is

B = (Bo + Broa sin(wgs)) 2 + By (cos(wor)i — sin(wot)§) (32)

Resulting in the following Hamiltonian:
L 3 h . h .
H=-i-B= ) (wo + Wmod SiN(wgp?)) 0 — Ewl (o-x cos(wot) — oy sm(wot))

With Wmeq = Hpg

7> Bmod- For convenience, we rewrite this equation in the frame rotating at wy:

h h
H = ~ 5 Wmod sin(wgp?)o; — FWI0 (33)
If the time-dependence of the Hamiltonian in Eq. (33) is slow enough that the spin state evolves adiabatically, then the z
component of the magnetization is [18]

B, sin t
() = £ Dmod SIN@ERD (34)

\/B% + Bzmod sin(wEBt)2

where g = % gug, and the magnetic force along the z direction is simply
Fmag = us(NG (35)

To estimate the probability that the spin evolves adiabatically under the in Eq. (33), we model each passage through the avoided
crossing (which occurs when ¢ = nm/wgg, with n an integer) using the Landau-Zener formula. Specifically, we replace sin(wgg?)
in Eq. (33) with wggt, so that the resulting Hamiltonian is equivalent to

1
H = Ea/m'Z +Re(H2)o, — Im(H 2)oy (36)



where Hi; = —gwl and @ = —fiw’ wneq- In this case, the probability to find the system in the state |T) at # = co given that the
system is in the state |T) at # = —oo is the well-known expression

2 2
PLz(T) = exp (—27r'H”' ) = exp (—EL) (37

h |CY| 2 WEBWmod

As a result, the probability that the spin state evolves adiabatically (and hence the Eq. (34) holds) is 1 — P z(T|T). This
probability approaches unity when wggwmeqa < w%.
Equation (37) is used to calculate the probability of adiabatic evolution given in Fig. 4(c,d) of the main text.

V. NOISE ANALYSIS

In this section, we start with the equations of motion for the EB and the optical mode and analyse the noise sources associated
with measuring the EB displacement.

A. Optomechanical interaction

The Hamiltonian describing the system can be written as
H = hw.d' a + hwppb'b + ligoa' a(b™ + b) + FuagXype(b' + b) (38)

The first three terms characterize the optical mode of the fiber cavity, the EB motion, and their interaction, respectively. The last
term describes the magnetic force imprinted from the electron spin [20]. Adding the optical («) and mechanical (ygg) damping
terms and environmental fluctuations, the Heisenberg equations of motion are

a=-— (g + iwc)a —igo(b" + b)a + VKnfin + Viex(dex + Eox) (39)
; . . i
b=- (’YETB + leB)b - lgOaTa - ﬁFmagxzpf + VYEBN (40)

where &, and & denote the optical noises coupled to the system via internal and external channels with the corresponding
coupling rates ki, and k.. We have also included the mechanical noise 7 that comes from the thermal bath. The noise operators’
correlations are

(&weH) =0 @1)
(ElwEH) =0 42)
(&) = 810~ 1) 43)

(nem(@)) =0 (44)
(n'(om(@)) = nws(t - 1) 45)
(nm* () = (nn + 1)t = 1) (46)

where ny, is the thermal phonon occupancy of the EB’s motion.
We consider a monochromatic optical drive, i.e., aex = aje”*". In the frame rotating at w,, we rewrite Egs. (39) and (40) as

a==5a—igo(b' +ba+ Veinkin + Vinbon + Viraie ™ (47)
b= YEB , b—i + iF 48
=5 + iwEgB | b —igoa'a — 7 magXzpf + VYEBT (48)

where A; = w; — w,. Applying the linearization: a — ag + a and b — by + b, we get the zeroth-order equations

. K

do = =5do - igo(by + bo)ag + VKexaze A1 (49)

b() == (% + inB)bo - iga(*)ao (50)



and the first-order equations
K
a= —Ea — igo(agh” + aph + bya + boa) + Vkinéin + Vikex€ex

, i i
b=- (% + szB)b igo(aga +a Tag) — 7 FragXzpt + \YEBN

The zero-order solutions for the optical and mechanical modes are:

VKexd] _;
ap = —e iAt
k/2 —
—igayao
bO = 7EB
= + l(,L)EB

where A = A; — go(bg + bo). The reduced first-order equations are
a= —ga - igoao(bT +b) + Vké
; . . N i
b=- (% + leB)b - lgO(a()a + aTa()) - ﬁ magXzpf T VYEBT]

where we have introduced a combined vacuum noise operator,

é::(\/K_m in T \/Efex)/\//_(

Equations (55) and (56) can be written in the frequency domain as follows

alw] = xc[w] (~igoao(d'[w - Al + blw - A]) + Vké[w])

blw] = ymlw] (—igo(az;a[w + A1+ a0a' [0 = M) = 1 gt L] + «/_yEBn[w])

Here we use the noise operators’ correlations in the frequency domain:
¢(w)¥(-w)) =0
(£ (W(-w) =
(EE (~w) =1
n(wn(-w)) =0
(n'(@m(-w)) = ny,
(@ (—w)) = ny + 1

Note that x"[w] = (x[-w])". We also define optical and mechanical susceptibility as
=51
ynloo] = (72 i )
The solution to (56) is easily obtained as
bl = xerlw] (<=2 Frpsxlw] = i Fuggl] + VFmilo])
D101 = (renl=0])” (=2 Frosalo] + =2 Fiyglo] + V7' [0])
with

Xetlo] = x5 [@] + iZopl]
Toplw] = igg (lao xelw = Ail = laol xelw + A)

Fresnlw] = —go Vi (ajxelw + Alélw + Al + agxelw — AJE [w = AfD))

Xzpf

(S

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)
(61)
(62)
(63)
(64)
(65)

(66)

(67)

(68)

(69)

(70)
(71)

(72)



where y.q is the effective mechanical susceptibility modified by the optical backaction. The optical spring Q. and optical
damping I'y, can be extracted from Zop[w]

Qupe = Re [Zop[w]| (73)
Topt = —2Im [Zopfw] (74)
The radiation pressure shot noise Frpsn (see Eq. (72)) originates from the backaction of the optical fluctuations. Its power
spectral density (PSD) is found using the Wiener-Khinchin theorem
SFPN[@] = (Fresn[w]Fresn[-o))
B n?g3 laol® K

xﬁpf K24 + (w + A)?

(75)

With the correlations of thermal noise operators given in Egs. (64)-(65), we can easily get the PSD of thermal fluctuation

H? n?
S plwl = — < Vyesn' (] V)’EBU[—w]> = —5—YEBMh (76)
xzpf xzpf
th n N n?
S peelw] = - f(«/—yEBn[w] Vresn' [-wl) = Yl + 1) a7
Zp! zpf

The difference in S 2‘7 plwland S g‘FT [w] will lead to the well-known quantum phenomenon called sideband asymmetry [21].

These two equations can be rewritten as follows for large thermal occupations
Stplol = S lw] ~ 2kpTmegyes (78)

Here we have used ny, = kT /fiwgg. Equations (68) and (69) suggest the following PSD for the mechanical mode

2

xZ ma,
Synlwl = Wenl-wl 5 (SFN[w] + S E(w] + S plw)) (79)
2
X
Sl = enlwl” 25 (SEEN@] + 7wl + S [w]) (80)

Because x[w] = x,pr(blw] + b'[w]), we obtain the PSD of the mechanical displacement

S @l = 275 (St [@] + S pplw])
1
4mzw}2EB
1

2,2
dm*wgy

= |yer[-w]

(SRSNLw] + S elw] + S [w])

+ er[w]

(SEPN[w] + S FEw] + St [w]) 81)

Having found the solution for b[w], the solution of the intracavity field in Eq. (55) is obtained.
With the input-output relation aoy[w] = Vkexalw], we find the PSD for the cavity output as

S [w] = kex (@' [w]a[-w]) (82)
= Kex e[ @I g5 laol® (S prplw + Al + Syt [A + w])) (83)

B. Heterodyne detection

Here we consider optical heterodyne detection. The optical field aqe; incident on a photodiode includes the cavity output and
local oscillator, which is given by

Qdet = A1o€"" + a (84)

where a1, and w), denote the amplitude and frequency of the local oscillator. The autocorrelation of the photocurrent is
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Git,7) = (it + 7/2)i(t — /2))
= G* (: al (t + 7/2aga(t + T/Dal,(t = T/Dage(t = 7/2) 1) + G* (@) (Daga(D) (1)
~ G lal* + G2 lal? (a' (¢ + T/2)a(t + 7/2)) + G lawol (a' (t — 7/2)a(t - 7/2))
+G |ayo|? €7 (@' (¢ + 7/2)alt = 7/2)) + G* law|* e 77 (a' (t = 7/2)alt + 7/2))
+GP@, 2 (a1 + 7/2)al (1 = /D)) + G (a, ) €2 alt + 7/2)alt - 7/2))
+G? |ayo|* 6(7) (85)

where G is the gain of the detector and the last term represents the detector shot noise. The PSD of the photocurrent is the Fourier
transform of the correlation

Silwl = G* lal* (S gralwio + W] + S yrglwio — w] + 1)

= G layo (g2 ol Wl ~(wio + WP (S piplwne + @ + Ail + 8 i [Ar + wio + w])

+87 lao* We[—(wio — W (S prplwio — w + A + Syt [Ar + wio — w]) + 1) (86)
(@) () 107
A A
104 F :
§ /\
on
g 10°
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f Thermal
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FIG. 28S. (a) Scheme of laser frequencies. The grey curve shows the optical cavity response, while the red arrow represents the probe laser that
drives the cavity resonantly. The blue arrow indicates the local oscillator used for the heterodyne readout. (b) The power spectral density S ;;[w]
of the signal recorded by the photo-diode detector, normalized to the magnetic force signal S j; mag[0] for a measurement bandwidth b = 1 Hz.
The contributions to S; from RPSN, the EB’s thermal motion, and the measurement noise of the detector are each shown. The parameters used

hereare: Q = 6x 10°, T =30mK, P = 1 uW, F = 10°.

Figure. 2S(b) shows the contribution to S ; from each noise source, as well as their total.
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VI. TABLE OF PARAMETERS

Optical cavity
Optical resonant wavelength (Aop) 1550 nm
Optical cavity linewidth (x/2r) 15 MHz
Optical cavity input coupling rate (kex) 0.44«
Cavity Finesse () 10°
Cavity length (Lc,y) 100 um
Cavity waist (Weay) 5 um
Operating temperature (7) 30 mK
Acoustic trap
Acoustic wavelength (4,) 775 nm
Acoustic resonant frequency (wac/27) 320 MHz
Acoustic optomechanical coupling (go ac/27) 3.6 kHz
Quality factor of acoustic mode (Qqc) 10°
Acoustic trap depth (Uy/kg) 300 mK
Fiber vibration amplitude (zamp) 2.4 fm
Acoustic energy density (W) 8.5 J/m’
Phonon number (n,.) 1.6 x 10"
Helium density variation (6pge/OHe) 2x 1073
Optical mode for acoustic wave detection (nop) 129
Acoustic mode number (72,.) 258
Electron bubble
Electron bubble mass (mgg) 1.6 x 107* kg
Electron bubble radius (Ry) 1.9 nm
Trap frequency (wgg/27) 2.9 MHz
Young’s modulus of the EB (Egg) 530 kPa
Optomechanical coupling rate (go/27) 0.1 Hz
Cavity mode for EB detection (n10p) 130
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